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    Abstract— In this paper, a maximum online torque per ampere 

(MTPA) control is proposed for torque control of interior 

permanent magnet synchronous motors (IPMSMs). First, torque 

and MTPA equations are derived based on flux variables, where 

the influence of magnetic saturation and cross-coupling effects is 

carefully considered. These equations can be described in polar 

coordinates, in which the output torque and MTPA operation are 

mainly determined by the current magnitude and current angle, 

respectively. Consequently, a dual-loop controller is proposed to 

solve the torque and MTPA equations in polar coordinates with a 

lower computational burden. It consists of a current magnitude 

and a current angle controller, where a torque reference limiter is 

embedded to satisfy the current limit. Moreover, the current angle 

is set within a stable range to avoid the stuck of the controller. The 

effectiveness of the proposed method is verified through 

simulation and experimental results. Applying the proposed 

algorithms, both MTPA operation and torque accuracy can be 

achieved with less computational burden. 

Index Terms—IPMSM, loss minimization, maximum torque per 

ampere (MTPA), minimum copper-loss operation, torque control, 

polar coordinates. 

I. INTRODUCTION 

For interior permanent magnet synchronous motor (IPMSM) 

drives, accurate torque control and loss-minimizing operation 

are essential issues for maintaining their excellent features such 

as high power density and high efficiency. Thus, the current 

magnitude should be minimized while maintaining the torque 

accuracy under the base speed in the maximum torque per 

ampere (MTPA) region. To achieve MTPA operation, the 

current angle and current magnitude should be accurately 

adjusted to utilize both the field torque from the permanent 

magnet and the reluctance torque from the difference in 

reluctance. In addition, the current magnitude should be limited 

to a specific limit to satisfy thermal and instantaneous current 

constraints of the inverter and motor itself. However, nonlinear 

characteristics such as magnetic saturation and cross-coupling 

effects make it difficult to satisfy both MTPA operation and 

torque accuracy under current and voltage constraints [1].  

Mostly, look-up table (LUT) methods have been adopted for 

the torque control of an IPMSM to prevent complicated 

calculations in real-time [2], [3]. However, offline-calculated 

LUTs should be built through costly and time-consuming 

processes. Sometimes, linear equations have been derived to 

replace LUTs by applying the curve fitting method, which is 

also largely dependent on pretest results [4], [5]. Moreover, 

temperature variation and manufacturing tolerance could 

provoke flux linkage variations, which would result in torque 

errors. Thus, various online MTPA control algorithms have 

been extensively studied to overcome these issues. 

First, perturbation and searching methods had been proposed 

in which the MTPA condition could be maintained under the 

variation of machine parameters [6]–[8]. They utilized flux 

linkage variations by tracing the fluctuation of the output torque 

[6], output power [7], or current vector [8] after injecting a 

current angle perturbation. However, these methods can only be 

used for speed-control applications, where a feedback control 

loop controls the speed. Thus, torque accuracy cannot be 

guaranteed in torque-control applications such as traction motor 

drives in the automotive industry. Moreover, the dynamic 

performance of the searching method is too slow to be applied 

to rapid changes in the torque reference. 

Alternatively, several adaptive torque control methods have 

been developed, in which the torque reference can be tracked 

by a closed-loop torque controller [9], [10]. The accuracy of 

these methods is highly dependent on the estimation 

performance of the d- and q- axis static inductances and the 

magnet flux linkage, i.e., Lds, Lqs, and λf. However, it has been 

well known that simultaneous estimation of both the q-axis 

static inductance and magnetic flux linkage with reasonable 

accuracy is quite difficult owing to the rank deficiency of the 

IPMSM’s electrical model [11]. Moreover, an MTPA equation 

has been derived without taking account of inductance 

variations about currents. The d- and q- axis static inductances 

are assumed to be piecewise constant, i.e., ∂Lds/∂id = ∂Lqs/∂iq = 

0. This would cause an MTPA tracking error under heavily 

saturated conditions due to the nonlinear characteristics of the 

IPMSM [12]. 

However, some calculation methods have been proposed 

based on the mathematical model of the IPMSM. In these 

methods, the torque and MTPA equations were derived using 

the Lagrange method. These equations can be solved using 

either analytical or numerical approaches [13]–[15]. They can 

provide fast dynamic performance and torque accuracy by 

updating the motor parameters in real-time. However, these 

methods suffer from high computational burdens due to 

complex calculations, e.g., Ferrari’s method [13]. In addition, 

the risk of ill-convergence increases under highly saturated 
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conditions when using a numerical approach, e.g., Newton’s 

method [14]. The Levenberg–Marquardt method was recently 

utilized to improve the robustness of online MTPA control 

while minimizing the calculation burden [15]. Nevertheless, 

these methods cannot be easily implemented with a low-cost 

digital signal processor (DSP) owing to the calculation loads. 

Furthermore, the torque and MTPA equations have been 

defined as the function of the stator flux magnitude and the load 

angle [16], [17]. The direct flux vector control (DFVC) was 

adopted to track both the torque reference and MTPA trajectory 

based on auxiliary-flux and auxiliary-current vectors. The 

optimal references for the DFVC scheme were calculated from 

a small-signal model around the operating point. 

In summary, conventional methods have both advantages 

and disadvantages regarding accuracy, dynamics, and 

calculation burden. Compared with other methods, the 

calculation methods based on a mathematical model are 

advantageous in terms of dynamics. In addition, the torque 

accuracy and efficiency can be further enhanced by 

simultaneously applying online parameter estimation 

algorithms [18]. However, the complexity of their 

implementation could be an obstacle to practical applications. 

This makes it challenging to reflect the variation in constraints 

and optimize the performance of the calculation algorithms in 

real-time. Thus, if the calculation algorithm is simplified while 

maintaining sufficient steady-state and dynamic performances, 

the algorithm's applicability can be significantly extended. 

In this paper, a closed-loop torque and MTPA controller are 

proposed to achieve the online MTPA operation of an IPMSM 

with a more straightforward implementation. This method is 

called dual-loop control. It consists of a current magnitude and 

current angle controller in polar coordinates, where the closed 

dual-loop control solves the torque and MTPA equations. It can 

provide satisfactory dynamic performance and torque accuracy 

by reflecting the IPMSM parameters, such as flux linkages and 

dynamic inductances, in real-time.  

Moreover, a torque reference limiter is embedded in the 

proposed current magnitude controller to restrict the magnitude 

of the current references under high-torque commands. The 

output of the current angle controller is limited to suppressing 

the stuck on the wrong operating points. The calculation burden 

can be remarkably reduced because of the closed-loop structure 

compared to conventional calculation methods. Finally, 

simulation and experimental results are provided to verify the 

validity of the proposed method. The contents of this research, 

previously presented in [19], have been largely revised to 

understand better. The contributions of this paper are 

summarized as follows: 

1) The torque and MTPA equations are derived in polar 

coordinates. This reveals that flux linkages at the 

operating point and its variations in θ coordinate are 

required for the online MTPA operation. 

2) The dual-loop controller is proposed to trace both the 

torque reference and MTPA trajectory without a 

premade MTPA LUT. The proposed closed-loop 

structure is analyzed in terms of stability and dynamics, 

where the nonlinear characteristics of the IPMSM are 

considered. 

3) The adequate flux linkage LUTs and estimation 

algorithms are discussed to update IPMSM parameters 

in the proposed controller. 

II. IPMSM MODELING 

A. Modeling in Cartesian Coordinates 

For IPMSM, the flux linkages, (λd, λq), are usually set as a 

linear function of stator currents in d-q coordinates, (id, iq), for 

unsaturated conditions as follows: 
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,  (1) 

where (Lds, Lqs) denote d- and q- axis static inductances and λf 

means a permanent magnet flux linkage. 

However, it is challenging to express nonlinear characteristics 

of the IPMSM under saturated conditions because (Lds, Lqs) are 

set to be piecewise constant. Thus, the flux linkages are defined 

as a piecewise linear model, which is a small-signal model 

around the operating point as 
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where (ido, iqo) represent the d- and q- axis currents at the 

operating point, (Ldd, Ldq, Lqd, Lqq) denote the dynamic 

inductances, and (λdo, λqo) designate the d- and q- axis flux 

linkages at (ido, iqo).  

The dynamic inductances are the rate of change of the flux 

linkages relative to the currents at the operating point [20]. The 

derivative form of (2) is expressed as 

 

( , )

( , )

d d q q qd d d d
dd dq

d q

q d q q q q qd d
qd qq

d q

d i i di didi di
L L

dt i dt i dt dt dt

d i i di didi di
L L

dt i dt i dt dt dt

  

  

  
   
 


     

  

, (3) 

where (Ldd, Lqq) represent the self-inductances and (Ldq, Lqd) 

denote the mutual-inductances between the d- and q- axis. 

Fig. 1 shows the flux linkages of a motor under test in d-q 

coordinates, where the parameters are extracted using finite 

element analysis (FEA) software. The parameters are presented 

on a per-unit (pu) basis. The base current is defined as the peak 

current for a short time, where the maximum torque is defined 

as 1 pu, as presented in Table I. The maximum power is 

obtained at the rated speed, which is also defined as 1 pu. In Fig. 

1, it can be noticed that the saturation and cross-coupling effects 

are severe under high-torque references, that is, when |Te_ref| is 

TABLE I 

NOMINAL IPMSM PARAMETERS 

Parameter Value 

Number of pole pairs, P 4 
Maximum power, Pmax 45 kW 

Maximum torque, Te,max 54 N·m 

Rated speed, ωrated 8000 r/min 

Permanent magnet flux linkage at zero torque,  

λd @ Te
* = 0 pu 

0.43 pu 

d-axis flux linkage at max. torque, λd @ Te
* = 1 pu 0.14 pu 

q-axis flux linkage at max. torque, λq @ Te
* = 1 pu 0.57 pu 
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close to 1 pu. λd varies with id and iq, as shown in Fig. 1(a). 

Likewise, λq is a function of iq and id, as shown in Fig. 1(b). It 

can be modeled as self- and mutual-dynamic inductances. 
The electromagnetic torque, Te, can be defined as the 

following torque equation, f(id, iq):  

 
3

( , ) ( )
2

d q d q q d

P
f i i i i   ,  (4) 

which is the cross product of flux linkages and stator currents 

in d-q coordinates, and P is the number of pole pairs.  

Furthermore, the MTPA equation is derived using the 

Lagrange method [15]. It can be normalized by the current 

magnitude, i.e., 2 2

d qi i , as follows:  

 2 2

2 2

1
( , ) (( ( ) ) ( ))d q qq d dq qd d q dd q d d q q

d q

g i i L i L L i i L i i i
i i
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

.(5) 

MTPA operation can be achieved when g(id, iq) = 0, where the 

magnetic saturation and cross-coupling effects are fully 

considered using flux linkages and dynamic inductances. 

Fig. 2 shows the contours of f(id, iq) and g(id, iq) for the motor 

under test in d-q coordinates based on the per-unit (pu) basis. 

The red dashed line indicates the MTPA trajectory, which is 

plotted to trace the minimum distance between a constant 

torque curve and zero current point. Fig. 2(a) shows that the 

torque accuracy is achieved when f(id, iq) is equal to the torque 

reference, Te,ref, which is expressed as a constant torque curve. 

Fig. 2(b) shows that the MTPA operation is satisfied when g(id, 

iq) is equal to zero, which is identical to the MTPA trajectory. 

B. Modeling in Polar Coordinates 

Cartesian coordinates can be converted into polar 

coordinates, i.e., from d-q to R-θ coordinates. The relationship 

between Cartesian and polar coordinates is depicted in graphic 

form in Fig. 3. For the stator current and flux linkages, the 

relationship between the d-q and R-θ coordinates is expressed 

as follows:  
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where the magnitude and angle are defined as R and θ, 

respectively. iR and λR are the current and flux magnitudes, and 
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Fig. 1. Flux linkages with d-q axes. (a) λd (id, iq). (b) λq (id, iq). 
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Fig. 2. Contours of torque and MTPA equations with d-q axes. (a) f(id, iq). (b) 
g(id, iq). 
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θi and θλ are the current and flux angles, respectively.  

In R-θ coordinates, the torque equation in (4) can be rewritten 

as follows by applying (6) and (7). 

 
3
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This shows that the torque magnitude is related to the cross 

product of the current vector and flux vector. In this case, the 

flux magnitude varies with the current magnitude and the 

current angle, i.e., λR(iR, θi), which should be considered for 

MTPA operation. 

The MTPA equation can be derived from the partial 

derivative of the torque equation with respect to the current 

angle as follows:  
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Eq. (9) can be further simplified by eliminating -3P/2∙iR as 
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which is equivalent to (5) in d-q coordinates. The equivalence 

between (5) and (10) is described in the Appendix. 

The MTPA operation can be achieved by solving g(iR, θi) = 0, 

where the information of flux linkages and its derivatives is 

required. This reveals that not only the flux magnitude and 

angle, i.e., λR and θλ, but also its variations in θ coordinate, i.e., 

∂θλ/∂θi and ∂λR/∂θi, should be considered for MTPA operation. 

The relation between θi and the flux vector can be expressed as 

follows:  

 ( , ) atan ( 1) / R
i R R
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It can be observed that h(λR, θλ) contains an arctangent function, 

in which the denominator is ∂λR/∂θi. Because ∂λR/∂θi would be 

highly fluctuated by flux linkage and its variations, h(λR, θλ) will 

also be a highly nonlinear. 

Fig. 4 shows the contours of the torque and MTPA equation 

for the motor under test in R-θ coordinates for the positive 

torque region. The torque equation, f(iR, θi), monotonically 

increases with the current magnitude, iR, as shown in Fig. 4(a). 

Thus, the torque reference can be tracked by regulating the 

current magnitude as Te,ref = f(iR, θi). The torque equation 

converges asymptotically to Te,ref by applying a closed-loop 

control structure.  

Likewise, the MTPA equation, g(iR, θi), is a monotonically 

increasing function of the current angle, θi, as shown in Fig. 

4(b). The current angle can be adjusted to maintain the MTPA 

operation as g(iR, θi) = 0. The MTPA equation converges to 0 

with a closed-loop structure owing to its monotonic relationship. 

In contrast to positive torque conditions, the MTPA equation is 

a monotonically decreasing function of the current angle under 

negative torque conditions. With respect to the current angle, 

the variation of MTPA equation, i.e., ∂g(iR, θi)/∂θi, has a 

different direction according to the sign of the torque, which is 

also related to the sign of the current magnitude. 

III. PROPOSED DUAL-LOOP CONTROL 

 Fig. 5 shows the overall block diagram of the proposed dual-

loop controller. The current controller is the inner loop of the 

proposed controller, and the bandwidth of the inner loop is 

higher than that of the outer loop. The dual-loop controller 

consists of the current magnitude controller, the current angle 

controller, and several coordinate transformations, as depicted 

by the dashed line. The stator currents and current references 

are converted from R-θ to d-q coordinates or inversely in Rθ/dq 

and dq/Rθ blocks, which are calculated by trigonometric 
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Fig. 4. Contours of torque and MTPA equations with R-θ axes. (a) f(iR, θi). (b) 
g(iR, θi). 
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Fig. 3. Relation between Cartesian and polar coordinates. 
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functions as follows: 
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where atan2(y, x) returns a four-quadrant arctangent of (x, y) in 

the range of [-π, π]. Likewise, the flux linkages are converted 

from R-θ to d-q coordinates as follows: 
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The proposed controller requires information on the stator 

flux and dynamic inductance at the operating point. The flux 

linkages can be identified by applying the stator voltage 

equations of the IPMSM under steady-state operations. The flux 

linkage LUTs can be built in advance through experimental 

tests, where the influence of magnetic saturation and cross-

coupling effects are fully considered. [21], [22]. The dynamic 

inductances can be obtained from the differences between two 

adjacent points of the flux linkages as follows: 
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where Ldq(id, iq), Lqd(id, iq), Lqq(id, iq) are calculated in a similar 

manner. 

On behalf of the flux linkage LUTs, estimation algorithms 

can be adapted to reflect the flux linkage and inductance 

variations [23]–[27]. The flux linkage variations due to 

temperature change deteriorate the accuracy of the online 

MTPA control. Thus, the estimators adequate for the proposed 

controller can be added to mitigate parameter errors. First, λR 

and θλ are estimated by applying the flux observer with dq/Rθ 

blocks. A hybrid-model based flux observer can be utilized to 

estimate the flux linkages over a wide speed range [24], [25]. In 

addition, ∂θλ/∂θi and ∂λR/∂θi are required to search the MTPA 

points in the proposed method. It can be extracted by injecting 

a high-frequency signal only into the θ coordinate. It can 

minimize torque variations due to the signal injection because 

the torque with respect to the current angle is almost zero near 

MTPA points, i.e., ∂f(iR, θi)/∂θi ≈ 0 [7]. The proposed dual-loop 

controller can be implemented together with the estimation 

algorithms as aforementioned. However, this study focuses on 

the closed dual-loop controller, i.e., the current magnitude and 

current angle controller itself.  

If necessary, the torque and MTPA equations in R-θ 

coordinates coupled with dq/Rθ blocks can be replaced with the 

equations in d-q coordinates. Fig. 6(a) shows the feedback path 

based on R-θ coordinates, where the parameters in d-q 

coordinates are utilized. In this case, ∂λR/∂θi and ∂θλ/∂θi are 

derived using the chain rule for partial derivatives as follows: 
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This can be simplified by applying the equations in d-q 

coordinates, as shown in Fig. 6(b). The flux linkages and 

dynamic inductances in d-q coordinates would not be changed 
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Fig. 5. Overall block diagram of the proposed dual-loop controller. 
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Fig. 6. Implementation of feedback path of the proposed controller. (a) R-θ 
coordinates, (b) d-q coordinates. 
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to those in R-θ coordinates. 

A. Current Magnitude Control 

Fig. 7 shows the block diagram of the proposed current 

magnitude controller. It consists of a torque controller and a 

torque reference limiter. In the torque controller, the estimated 

torque, Te,est, is compared with the realizable torque reference, 

Te,ref, where (8) is utilized to calculate Te,est. The integral 

controller is applied to minimize the error between Te,ref and 

Te,est, where the current magnitude reference, iR
*, is regulated by 

the feedback loop. Thus, the integral gain of the torque 

controller, denoted as kir, determines the bandwidth of the 

controller. The feedback loop maintains a negative loop gain at 

both positive and negative torque conditions when the integral 

gain is set to a positive value: kir > 0, which leads to stable 

responses.  

When the negative torque reference is applied, iR
* is 

regulated to a negative value. The negative iR
* may seem 

illogical in the physical definition of iR
*, which indicates the 

current magnitude. However, it plays a crucial role in 

maintaining the torque accuracy with the MTPA operation in 

the regenerative mode, cooperating with the current angle 

controller described in the next section. 

In the torque reference limiter, the absolute magnitude of iR
*, 

defined as |iR
*|, is limited to the current limit, Imax, which is 

implemented by an output limiter. Imax can be determined by the 

current rating of the inverter and motor itself and/or the active 

thermal management strategy [28], [29]. Thus, Imax can be 

adjusted in real-time according to external conditions. When the 

torque command, Te,cmd, exceeds the maximum torque, the 

output of the integral controller gradually increases and exceeds 

Imax. In this case, Te,ref can be adjusted using an anti-windup 

algorithm around the limiter. It works based on the difference 

between the input and output of the limiter to adapt Te,ref within 

realizable ranges. The dynamics of the torque reference limiter 

are determined by the anti-windup gain of the torque controller, 

kar. 

B. Current Angle Control 

Fig. 8 shows the block diagram of the proposed current angle 

controller, i.e., the MTPA controller, where the MTPA equation 

is solved by a closed-loop controller. The MTPA equation in 

(10) is applied to extract Gest, where Gest is the deviation from 

the MTPA operation. In the MTPA controller, a current beta 

angle reference, βi
*, is adjusted to nullify the Gest. That is, the 

MTPA operation can be achieved as Gest converges to zero. In 

this case, βi
* indicates the angle difference between the current 

vector and the q-axis. It is regulated by the feedback loop, 

where the integral gain of the MTPA controller, denoted as kiθ, 

determines the bandwidth of the current angle controller. 

Subsequently, βi
* should be limited within an acceptable range 

between 0 and 0.5π, where the d-axis current reference always 

has a negative value.  

For the stable operation, the controller should maintain a 

negative loop gain over the entire operating range. However, 

the feedback gain at (10) has a different sign according to the 

direction of the torque. The partial derivative of Gest with 

respect to θi, ∂Gest/∂θi, has a positive value at the positive torque, 

i.e., ∂Gest/∂θi > 0 for iR > 0. Otherwise, ∂Gest/∂θi has a negative 

value at the negative torque, i.e., ∂Gest/∂θi < 0 for iR < 0. To 

maintain the negative gain regardless of the operating mode, the 

current angle reference, θi
*, is set to  

 * *( ) 0.5i R isign i     , (18) 

where θi
* is defined in the range of [0, π]. 

As a result, θi
* is adjusted within the acceptable range as 

 
*

*

0.5 ( 0)

0 0.5 ( 0)

i R

i R

i

i

  

 

   


  
.  (19) 

This shows that the current references are located in the 2nd 

quadrant for positive torque, id
* < 0 and iq

* > 0. For negative 

torque, the current references are located in the 3rd quadrant, id
* 

< 0 and iq
* < 0, which maintains the stable operation of the 

IPMSM. 

Furthermore, the feedback gain has negligible impact when 

the current magnitude is close to zero. It has no meaning at βi
* 

when iR = 0 because the current references, idq
*, are set to zero 

regardless of βi
*. However, it would deteriorate the transient 

responses near zero-torque conditions if βi
* is stuck on an ill 

point. Thus, βi
* should converge to zero near zero-torque 

conditions for stable transitions. Observing (10), because the 

stator flux near the zero-torque region would be nothing but the 

flux linkage of the permanent magnet, λf, regardless of βi
*, Gest 

can be approximated as follows: 

 *sin( )est ifG   . (20) 

Therefore, the proposed current angle controller can regulate 

βi
* to null even near the zero-current region. This feature helps 

the proposed controller to work without jerking in the low-

torque region or at torque reversal. However, some distortions 

such as sensor noise and quantization error can provoke errors 

near zero current regions. It can be easily implemented by 

decreasing the upper limit of the limited integrator from 0.5π to 

null near iR = 0, if necessary. 
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Fig. 7. Block diagram of the proposed current magnitude controller. 
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C. Dynamic Analysis 

To analyze the torque dynamics, the variation of Te,est with 

respect to iR is derived as a small-signal model, i.e., ∂Te,est/∂iR. 

It can be applied to linearize torque dynamics as follows: 

 
( , )

cr
ir

R i

R

k
f i

i









, (21) 

where ωcr means the bandwidth of the torque controller.  

In this case, the dynamics of the current controller are assumed 

to be sufficiently fast compared to those of the torque controller, 

as mentioned previously. Likewise, the variation of Te,est with 

respect to θi , i.e., ∂Te,est/∂θi, could be derived. However, the 

effects of ∂Te,est/∂θi are ignored because the operating point is 

near the MTPA line at all times by the proposed controller, 

where ∂Te,est/∂θi is converged to zero. Thus, the torque dynamics 

are only related to ∂Te,est/∂iR, where the derivative terms such as 

∂λR/∂iR and ∂θλ/∂iR are included as follows:  
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 (22) 

The signal injection can obtain the terms in R coordinate. 

However, the injection in the R coordinate provokes torque 

variations, which are not suitable for torque-control 

applications. Likewise, the torque reference limiter dynamics 

are related to ∂Te,est/∂iR at the current limit condition.  

MTPA dynamics can be linearized by setting kiθ as  

 
( , )

c
i

R i

i

k
g i















, (23)  

where ωcθ is the bandwidth of the MTPA controller.  

However, it requires the second derivative terms ∂2θλ/∂θi
2 and 

∂2λR/∂θi
2, which makes it challenging to obtain accurate gain 

normalization in real-time without pretests. Thus, the gains of 

the proposed controller, i.e., kir, kar, and kiθ, are set based on the 

pretest results and set as constant values. In this case, the burden 

for updating the controller gains can be saved at the cost of 

bandwidth accuracy. MTPA dynamics are affected by iR 

variations unlike torque dynamics, where the effects of 

∂Te,est/∂θi are not decoupled in the MTPA controller. The 

bandwidth of MTPA controller is recommended to be higher 

than that of the torque controller to suppress the overshoot 

during transients. 

Fig. 9(a) shows the derivative of the torque equation to the 

current magnitude, ∂f(iR, θi)/∂iR on the pu basis. This small-

signal gain has a similar value for the MTPA line from zero to 

rated torque conditions. Thus, the torque dynamics are quite 

linear when kir is set to a constant gain. Likewise, the dynamics 

of torque reference limiter are equal to ∂f(iR, θi)/∂iR at |iR| = Imax, 

where kar is set as a constant gain. Fig. 9(b) shows the derivative 

of the MTPA equation to the current angle, ∂g(iR, θi)/∂θi. The 

small-signal gain is reduced when the current magnitude is 

close to 0 pu, e.g., |iR| < 0.3 pu. This means that the MTPA 

dynamics would be degraded under lower iR. It can be 

compensated by variable kir inversely proportional to ir. On the 

other hand, the variation in small-signal gain is relatively small 

as the current magnitude increases. Thus, kiθ is set as a constant. 

IV. SIMULATION AND EXPERIMENTAL RESULTS 

A. Simulation Results 

A flux-linkage-based high-fidelity IPMSM model [30] was 

utilized to simulate the actual characteristics of an IPMSM, 

including cross-coupling and saturation effects, which were 

constructed using MATLAB/Simulink. The detailed 

parameters of the IPMSM were extracted by conducting an 

FEA. The flux linkages and dynamic inductances were obtained 

by linear interpolation from the flux linkages of the FEA data 

and the differences between two adjacent points, respectively. 

The switching and sampling frequencies, fsw and fsamp, were set 

to 10 kHz. The bandwidth of the current regulator was set to 

2π∙250 rad/s. The gains of the proposed controller, kir, kar, and 

kiθ, were set as constant values, as aforementioned. The torque 

and MTPA controller bandwidth, ωcr and ωcθ, were set to 2π∙25 

rad/s and 2π∙50 rad/s, respectively, which were based on the 

maximum torque condition. 

Fig. 10 shows the current reference waveforms at R-θ and d-

q coordinates during torque reference transients. The torque 

 f (iR, θi)/ iR

MTPA line
Is =1 pu

iR [pu]

θ
i [

d
eg

]

MTPA line
Is =1 pu

 
(a) 

 

 g (iR, θi)/ θi

id [pu]

i q
 [

p
u

]

MTPA line
Is =1 pu

iR [pu]

θ
i [

d
eg

]

MTPA line
Is =1 pu

 
(b) 

 

Fig. 9. Contours of torque and MTPA derivatives with R-θ axes. (a) ∂f(iR, 

θi)/∂iR. (b) ∂g(iR, θi)/∂θi. 
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command varies from zero to full torque and vice versa below 

the rated speed, where the Te,cmd variation is set to 10 pu/s. The 

current references based on the proposed method, iRθ
* ≡ (iR

*, θi
*), 

converge to the MTPA current references, iRθ,MTPA
* ≡ (iR,MTPA

*, 

θi,MTPA
*), which shows that both the MTPA operation and torque 

accuracy are satisfied. In this case, iR
* and θi

* are adjusted 

within a stable range by applying the proposed dual-loop 

controller. Fig. 10(a) shows (iR
* ≥ 0) and (0.5π ≤ θi

* < π) in the 

motoring mode. Fig. 10(b) shows (iR
* < 0) and (0 < θi

* ≤ 0.5π) 

in the generating mode. As a result, the current references, idq
* 

≡ (id
*, iq

*), trace the MTPA trajectory, idq,MTPA
* ≡ (id,MTPA

*, 

iq,MTPA
*), even under transient conditions with less calculation 

burden. In low-torque regions, the MTPA dynamics would be 

degraded owing to the fixed bandwidth. However, it has 

scarcely any impact at d-q coordinates and can be adjusted by 
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Fig. 10. Simulation 1: current reference waveforms under torque reference 

transients at (a) motoring mode and (b) generating mode. 
 

90

105

120

135

150

Current references

Time [s]

0

0.25

0.5

0.75

1

0

0.25

0.5

0.75

1

-1

-0.5

0

0.5

1
Current references (d-q coordinates) [pu]

Current references (R-θ coordinates)

Operating Conditions [pu]

id
*

id,MTPA
*

iq
*

iq,MTPA
*

iR
*

iR,MTPA
*

θi
*

θi,MTPA
*

Te

Te,ref

[pu] [°]

0.1 0.2 0.3 0.4 0.5

 
Fig. 11. Simulation 2: current reference waveforms under Te,cmd variations. 
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Fig. 12. Simulation 3: torque and current reference waveforms under Imax 
variations. 
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changing the controller bandwidth, as mentioned previously. 

Fig. 11 shows the current reference waveforms under Te,cmd 

variations from 0 to 1 pu in steps of 25 % increment every 0.1 

s. The proposed method traces the MTPA operating point in R-

θ coordinates, iRθ,MTPA
*, by using the flux linkage information. 

Thus, idq
* and Te are equal to idq,MTPA

* and Te,ref, respectively, 

under steady-state conditions. It shows that Te traces Te,cmd with 

no overshoot, where the rising time is determined by the 

controller's bandwidth. 

Fig. 12 shows torque and current reference waveforms, idq
* 

and Te, under the transition of Imax from 1 to 0.6 pu and vice 

versa where Te,cmd is set to 0.9 pu. The limiting value, Imax, can 

be updated in real-time according to the thermal condition of 

the inverter and motor as aforementioned. Both torque accuracy 

and MTPA control can be achieved even when Te,cmd exceeds 

the maximum available torque due to Imax's suppression as 

shown in 0.1 s < t < 0.4 s. When |idq
*| reaches Imax, the anti-

windup scheme reduces the current magnitude until the 

maximum available torque. It shows highly dynamic 

performance under the rapid variation of Imax.  

B. Experimental Results 

The proposed method was also tested using an experimental 

test setup. All control algorithms were digitally implemented in 

the DSP, TMS320F28377D, where the control and system 

parameters were identical to those in the simulation. The flux 

linkages are calculated in real-time by linear interpolation of the 

two-dimensional (2-D) LUTs, which have been constructed by 

pretests in advance. The dynamic inductances were extracted 

by the differences between two adjacent points of the flux 

linkage LUTs in real-time. For comparison, the MTPA 

operating points were extracted from pretests, which were 

stored in MTPA LUT, i.e., iRθ,MTPA
* and idq,MTPA

*. 

Fig. 13 shows the current waveforms under conditions 

similar to those in Fig. 10. Likewise, iRθ
* is adjusted by the 

proposed dual-loop controller to satisfy both the MTPA 

operation and torque accuracy, which is compared with iRθ,MTPA
*. 

It shows sufficient transient responses under the rapid change 

in Te,cmd, not only in motoring but also in generating conditions. 

This means that the proposed dual-loop controller can solve the 

torque and MTPA equations in real-time. The proposed method 

maintains the calculation accuracy with more straightforward 

implementations, which can be adopted to minimize the 

calculation burden. 

Fig 14 shows the current reference waveforms under Te,cmd 

variations in steps of 20 % increment every 0.1 s, similar to 

those in Fig. 11. The proposed method generates accurate idq
* 

and Te under steady-state conditions, matched precisely to 

idq,MTPA
* and Te,ref, respectively. It reveals that the proposed 

method traces the MTPA points at each torque reference where 

the deviation between Te,ref and Te,est is minimized within a short 

time, about 10 ms. The torque and MTPA dynamics could be 

improved by adjusting the controller bandwidth, which can be 

set according to its application. 

Fig. 15 shows the torque and current waveforms under the 

same conditions as those in Fig. 12. Likewise, it shows that 

accurate Te,ref and idq
* are generated under Imax variations. When 

Imax is reduced to 0.6 pu, Te,ref is automatically reduced to 0.6 pu 

by the torque reference limiter. Thus, the maximum torque 

under Imax could be identified in real-time when idq
* reaches Imax. 

Both experimental results indicate that the proposed method 

could fulfill both torque accuracy and MTPA operation even 

under Te,ref and Imax variations. 
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Fig. 13. Experiment 1: current reference waveforms under torque reference 

transients at (a) motoring mode and (b) generating mode. 
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V. CONCLUSION 

In this paper, the closed dual-loop controller was proposed to 

satisfy both torque accuracy and MTPA operation. First, the 

torque and MTPA equations were modeled in polar coordinates, 

where the current magnitude and current angle correspond 

roughly to the torque accuracy and MTPA operation, 

respectively. Thus, the closed-loop controller was utilized to 

solve the torque and MTPA equations based on its monotonic 

relationship. In addition, the torque reference limiter was 

included to restrict the current magnitude to the current limit. 

The current angle was limited to avoid the stuck of the 

controller. Owing to the closed-loop structure, the calculation 

burden could be remarkably reduced while maintaining the 

calculation accuracy. Finally, the effectiveness of the proposed 

method was verified by simulation and experimental results 

using an automotive-grade IPMSM drive system.  

APPENDIX. CHECKING EQUIVALENENCE OF MTPA EQUATIONS 

The MTPA equation in R-θ coordinates in (10) can be 

rearranged as 

 cos( ) sin( ) cos( ) 0R
R i i R i
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. (24) 

In this equation, the partial derivative terms ∂λR/∂θi and ∂θλ/∂θi, 

are derived as (16) and (17), respectively. Likewise, the 

trigonometric functions are expressed as 
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The MTPA equation in R-θ coordinates can be expressed by 

substituting the terms in d-q coordinates. Consequently, the 

MTPA equation in d-q coordinates can be derived as follows: 

 2 2
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{( ( ) ) ( )} 0dd q dq qd d q qq d d d q q
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Fig. 14. Experiment 2: current reference waveforms under Te,cmd variations. 
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