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Abstract— This paper proposes an online maximum torque-per-

Ampere (MTPA) control of an interior permanent-magnet 
synchronous motor (IPMSM) based on the square-wave voltage 
signal injection. Because the proposed method does not rely on a 
position sensor, it is applicable to sensorless IPMSMs. The 
proposed algorithm consists of a dynamic inductance estimator, 
frequency-adaptive flux observer, and an MTPA tracking 
controller. The proposed inductance estimation utilizes the 
pulsating square-wave voltage injection, which can maximize the 
injection frequency, and the dynamic performance can be 
preserved during the signal injection. Through the online flux and 
inductance estimation, the magnetic saturation of the IPMSM and 
the temperature variation can be fully considered in the MTPA 
control. The conventional rotor position estimator is replaced with 
the MTPA tracking controller, which does not rely on offline 
commissioning parameters. The proposed algorithm can operate 
under both the torque control and speed control mode, and 
accurate torque control on MTPA curve can be achieved. The 
simulation and experimental results demonstrate that the 
proposed method accurately tracks the MTPA point up to 200% 
of the rated torque in the mid-and high-speed region. 
 

Index Terms— Flux observer, inductance estimation, interior 
permanent-magnet synchronous motors (IPMSM), loss 
minimization, maximum torque-per-Ampere (MTPA), sensorless 
control, torque control, voltage signal injection. 

I. INTRODUCTION 

NTERIOR permanent-magnet synchronous motors 
(IPMSMs) have been adopted in numerous industrial 

applications by virtue of their merits, such as high efficiency 
and high power density. To maximize the efficiency of the drive 
system, the loss minimization of IPMSMs has also received 
much research attention. In particular, under the base speed, 
maximum torque-per-Ampere (MTPA) control, which 
minimizes the current magnitude while maintaining the desired 
torque, has been a standard solution for high-efficiency IPMSM 
drives. 

Unlike the surface-mounted permanent-magnet synchronous 

motors (SPMSMs), in which only the q-axis current contributes 
to torque generation, the output torque of an IPMSM is 
concerned with not only the q-axis current but also the d-axis 
current due to the reluctance torque. In an ideal IPMSM with 
constant motor parameters, the MTPA current trajectory can be 
calculated analytically [1]. However, magnetic saturation 
causes the MTPA trajectory of a real IPMSM to deviate from 
the ideally calculated trajectory. In addition, the temperature 
variation during operation changes the flux linkage of the 
magnet, and this may cause the premade MTPA trajectory to be 
inaccurate. 

To achieve precise MTPA operation regardless of the 
operating conditions, many studies have been conducted. First 
of all, the look-up-table (LUT) based method is a general 
approach that provides robust MTPA control without complex 
algorithms. However, LUT-based methods require a repetitive 
and tedious offline test procedure, and the premade LUT data is 
stored in the microprocessor’s memory. And, the parameter 
variation due to temperature change or manufacturing tolerance 
may not be considered during offline commissioning. Moreover, 
if the motor operates without the position sensor, the premade 
LUT becomes ineffective in enhancing the system efficiency. 

To overcome the limitations of LUT-based methods, various 
online MTPA tracking strategies have been reported. For 
example, real-time parameter estimation is applied to online 
MTPA control [2]-[4]. These methods update the motor 
parameters depending on the operating points and calculate the 
MTPA point using the updated motor parameters. While these 
methods have the advantage in that additional signal injection 
is not required, the rank-deficiency problem forces only a few 
parameters that have a dominant influence on the MTPA curve 
to be updated. Moreover, because these methods often neglect 
the derivative terms of the inductances when calculating the 
MTPA point, the estimated MTPA point might deviate from the 
actual MTPA trajectory [5]. 

Power-perturbation-based methods determine the torque 
extremum point by perturbing the output power around the 
operating point. They are subdivided into several research 
groups depending on the way of power-perturbation. In [6] and 
[7], a high-frequency current injection is proposed. This method 
tracks the MTPA point by observing the phase of the power 
ripple induced by the current angle perturbation. However, 
since the frequency of the current injection is limited by the 
current regulation bandwidth, the dynamic performance is 
limited. Instead of injecting current explicitly, [8]-[13] present 
the excitation by perturbing the reference frame, which reduces 
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the power and speed ripple compared with high-frequency 
current injection. However, this method assumes that the output 
current is regulated to the reference value by the current 
regulator, and the swinging frequency is also limited by the 
current control bandwidth [12], [13]. 

In some research works, the flux perturbation has been 
considered as an alternative to the current signal injection. The 
flux perturbation methods can effectively replace the current 
signal injection in the direct torque control (DTC), which 
utilizes the stator flux as the control variable [14], [15]. In field-
oriented control (FOC), the flux perturbation can be 
implemented by the voltage angle perturbation [16]. Most flux 
perturbation methods assume the operating point ripple along 
the constant torque curve in their theoretical derivation. 
However, simply perturbing the voltage angle does not 
guarantee the operating point swinging along the constant 
torque curve. Thus, these methods require an additional control 
loop, e.g., the high frequency flux observation or the speed 
control loop, which limits the injection frequency and makes 
the flux perturbation difficult to be applied to the torque control 
application. 

The other main research stream is grounded in the flux-
model-based derivation of the PMSM [17]-[23]. The MTPA 
condition is calculated by applying the Lagrange multiplier 
method. The operating point is converged to the desired MTPA 
trajectory using numerical methods or an r- controller. In [19], 
Newton’s method is employed for tracking MTPA point. In 
[22], the r- controller for MTPA control is proposed and has 
demonstrated a fast dynamic response. These methods can find 
the accurate MTPA trajectory even under the magnetic 
saturation if the dynamic inductances and the flux information 
are precisely known. However, the dynamic inductance 
information, which are the partial derivatives of the stator 
fluxes, is difficult to obtain, because not only must the d- and 
q-axis inductances be estimated but also the cross dynamic 
inductance, requiring a complex signal injection method [20], 
[23] or offline test procedure [21]. Moreover, since the injected 
signal should be aligned with the actual d- and q-axis of the 
rotor reference frame (RRF), it is difficult to implement these 
methods with the sensorless drives [20]. 

If the rotor position information is available, MTPA tracking 
control is usually performed by adjusting the current reference 
magnitude Is

* and the current reference angle , while the 
current regulation is conducted at the RRF. However, because 
the rotor position is unknown in the sensorless IPMSM, there is 
no firm reference angle for current angle determination. This 
renders sensorless MTPA control challenging.  

Some studies have combined conventional sensorless control 
algorithms with online MTPA tracking control [24]. In another 
study, instead of changing the current angle reference, the q-
axis inductance in the sensorless observer was artificially 
modified to change the actual current angle [25]. However, 
since the dynamics of the sensorless observer and the q-axis 
inductance modifier are intertwined, it not only makes the 
stability analysis complicated but also increases the control 
complexity. Moreover, since most sensorless observers are 
vulnerable to the motor parameter mismatch, the control 

robustness often deteriorates. 
This paper proposes an MTPA criterion that can be 

calculated at an arbitrary reference frame. Through analysis, a 
simple MTPA criterion can be formulated at the reference 
frame synchronized to the current vector, which is utilized as 
the estimated MTPA reference frame (EMRF) in this paper. At 
the EMRF, the MTPA criterion only requires the d-axis 
dynamic inductance term, which can be extracted by injecting 
a single square-wave voltage signal. In the proposed inductance 
estimation, the direction of the injected voltage signal is 
adaptively changed to extract the d-axis inductance at the 
EMRF. Through the proposed signal injection, the frequency of 
the voltage injection is extended to half of the switching 
frequency. 

Based on the proposed MTPA criterion, direct MTPA 
tracking control (DMTC) for sensorless IPMSM is proposed. 
This DMTC directly chases the MTPA operating point without 
estimating the rotor position. The current reference angle is 
fixed at the q-axis of the EMRF. And, the current regulation is 
also conducted in the EMRF. To accomplish online MTPA 
control, an MTPA tracking controller adjusts the EMRF to 
make the output current be on the MTPA operating point. 

In addition to the proposed inductance estimator, a flux 
observer and an MTPA tracking controller are required for the 
implementation of the proposed method. Unlike the flux 
perturbation method, the proposed DMTC only requires the 
fundamental flux observation, which can be calculated by the 
fundamental components of the output voltage. For the stator 
flux observer, a frequency adaptive flux observer at the EMRF 
is adopted in this paper [27], [28]. The MTPA tracking 
controller consists of a current magnitude controller and an 
MTPA angle tracking observer. By adjusting the current 
magnitude and the reference angle of the EMRF, the accurate 
torque control at MTPA can be achieved. 

II. MTPA CONDITION IN THE ROTOR REFERENCE FRAME 

The electrical model of the IPMSM can be expressed at the 
rotor reference frame as follows: 

 s r

d
R

dt
  dq dq dq

r r r
dq

rv i Jλ λ  (1) 

where Rs stands for the stator resistance, and r for the rotor 
speed. r

dqv , r
dqi , and r

dqλ  denote the stator voltage, current and 

flux vector, respectively. The superscript ‘r’ indicates the RRF. 

In (1), J denotes the 90° rotation matrix, i.e., 
0 1

1 0

 
  
 

J . 

In this paper, the variable in bold implies the dq column 

vector, e.g., d

q

r

r

v

v

 
  
  

r
dqv . From (1), the output torque Te of the 

IPMSM can be expressed as 

 1.5eT P T
dq
r

dq
ri Jλ  (2) 

where the superscript ‘T’ is the transpose operator, and P is the 
number of pole pairs. Since the MTPA operating condition 
means the current vector minimizing its magnitude under a 
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given torque reference, the MTPA condition can be stated by 
the following optimization problem. 

 Minimize || ||dq
ri , subject to 

* 1.5eT P T
dq
r

dq
ri Jλ  (3) 

where Te
* is the torque reference. Eq. (3) can be solved by the 

Lagrange multiplier method as 

   2 *2
, , || ||

3
r r
d q ei i T

P
    

 
 

T
dq dq
r r

q
r

di i λJ . (4) 

The gradient of   can be represented as 
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where 

    , , 2 0r r r r r r
d q d dh q q qdh dr

d

i i i iL L i
i

  
   


  (6) 

    , , 2 0r r r r r r
d q d dqh qq

q
qh dr

i i i L i L i
i

  
   


  (7) 

   *2
, , 0

3
r r r r r r
d q q d d q ei i i i T

P
  




  


 . (8) 

In (6)-(8), Ldh, Lqh, Ldqh, and Lqdh denote the dynamic 
inductances, which are the Jacobian matrix of r

dqλ  respect to 
r
dqi , as follows: 

 

r r
d d
r r
d qd

q q

d q

h dqh

r r
qdh dh

r r

i iL L

L L

i i

 

 

  
                
   

r
dq

h r
dq

L
i

λ
. (9) 

Because the Ldqh is equal to Lqdh due to reciprocity, from now 
on, Lqdh is also denoted as Ldqh. Eq. (6)-(8) can be condensed 
into two equations: 

 
*2

0
3 ef T
P

  r T r
dq dqλi J . (10) 

   0g   
Tr T r r r

dq dq dq h dqi Ji L Jiλ . (11) 

The function f indicates whether the torque output matches 
the desired torque reference, whereas g represents the MTPA 
condition. Fig. 1(a) and (b) show the functions f and g for the 
target IPMSM at each operating point, of which the nominal 
parameters are listed in TABLE I. Fig. 1(a) and (b) are calculated 
based on the finite element analysis (FEA) results. In Fig. 1(a) 
and (b), the desired torque reference is set as 2 pu, i.e., 
Te

*=2·Te,rated, and the corresponding constant torque curve is 
indicated by the yellow line. The MTPA trajectory is indicated 
by the red line. It can be noted that f is null where the output 
torque matches the torque reference. 

Similarly, g is null only at the MTPA trajectory, but it is 
almost zero in the low-current region, regardless of the MTPA 
condition. To enhance the sensitivity of g to the MTPA 

condition, / || ||g g r
dqi  can be used instead [22]. g′ is also null 

only at the MTPA trajectory, as shown in Fig. 2. Therefore, 
MTPA operation with the desired torque output can be 
accomplished by solving f = 0 and g' = 0 simultaneously. 

However, Ldh, Lqh, and Ldqh are required in the calculation of 
g′. Since extracting four dynamic inductances at an operating 
point in real-time is challenging, in [21], the flux or inductance 
LUT is used instead. Moreover, (10) and (11) are valid in the 
accurate RRF. Thus, even if Ldh, Lqh, and Ldqh are known, the 
calculation of f and g′ will require accurate rotor position 

TABLE I.  
NOMINAL MOTOR PARAMETERS 

Parameter Value Unit 

Rated power 1.5 kW 
Rated torque (Te,rated) 4.1 N∙m 

Base speed 3500 r/min 
Rated current 5.2 Arms 

DC-link voltage 311 V 
Pole/slot 8/9  

Stator resistance (Rs) 0.84 
Flux linkage of permanent-magnet (f) 88.4 mWb 

d-axis static inductance (Lds) @ Te=2 pu 6.3 mH 
q-axis static inductance (Lqs) @ Te=2 pu 8.5 mH 

 

 
(a) 

 
(b) 

Fig. 1. (a) f and (b) g of the target IPMSM. 
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information from the position sensor. 

III. MTPA CONDITION AT ARBITRARY REFERENCE FRAME 

In the previous section, the MTPA condition was formulated 
in the conventional RRF. It was concluded that the dynamic 
inductance information, i.e., Ldh, Lqh, and Ldqh, is required to 
calculate g. In this section, f and g are recalculated in an 
arbitrary reference frame, and the optimal reference frame that 
can most simply represent the MTPA condition is disclosed. 

For the arbitrary reference frame ‘’, which has a constant 
angle difference 0 with the RRF, the current vector diagram 

can be drawn as Fig. 3. 
α
dqi  can be expressed with 

r
dqi  as 

 0( ) α r
dq dqi R i  (12) 

where 

 
cos sin

)
sin cos

(
 


 

 
  
 

R . (13) 

The dynamic inductances at the  reference frame can be 
calculated as 

 

d d

q

q

ddh dqh

dqh d q
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L L
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α
dqα

h α
dq

L
i

λ
. (14) 

From (12), α
hL can be expressed with hL  as follows by the 

chain rule property of the Jacobian matrix. 

 0 0( ) ( ) 
  

  
  

α
dq dq dqα

h hα
dq dq dq

r r

r r

i
L R L

λ
R

λ

i iλ
 (15) 

where 0/ ( )   α
dq dq
r Rλ λ  and 0/ ( )  α

dq d
r

qi i R , because 

0 is assumed to be constant. Meanwhile, f and g can also be 

reformulated with 
α
dqi  and α

hL  as follows: 

 
*2

3 ef T
P

  α T α
dq dqi λJ  (16) 

  g  
Tα T α α α α

dq dq dq h dqi Ji L Jiλ . (17) 

Comparing (10) and (11) with (16) and (17), it can be 
observed that the functions f and g are reference-frame-
invariant functions. In other words, f and g can be calculated in 
any reference frame with the same formulation. Of course, it 
should be noted that the inductance matrix Lh should also be 
replaced according to the reference frame change. 

In this paper, the EMRF is defined as the reference frame that 
aligns the q-axis to the current reference vector, as shown in 
Fig. 4(a). The angle difference between the EMRF and the RRF 
is the current angle reference *. The angle between the EMRF 
and the stationary reference frame (SRF) is defined as m, as 
shown in Fig. 4(b). m can be calculated as m =r + *, where 
r is the rotor position. In this paper, the variables in the EMRF 
are denoted with the superscript ‘m’. In the EMRF, the current 
reference vector can be expressed as  

 
*

*

0
m
qi

 
  
 

m
dqi  (18) 

where the superscript ‘*’ denotes the reference value. It should 
be noted that m is associated with not the actual current but the 
current reference. It helps m keeping independent of the stator 
flux and current in the small-signal model. Thus, the calculation 
in (15) can be applied to the EMRF as well. 

Since * 0d
mi  , f and g can be simplified in the EMRF as 

follows, assuming the well-operating current regulation, i.e., 

q q
m* m
d di i . 

 
*2

3 d q
m

e
mf T i

P
  . (19) 

 
2mm

q qq d
m m

hg i L i  . (20) 

Furthermore, g′ can be rewritten as  

 d
m
q

m
q
m

hg L i  . (21) 

dr

qr

dm
qm

*
dqi

*
*r

di

*r
qi

*m
qi

*

ds

qs

dm

qm

*
dqi

r

* drm*

qr

 
 (a) (b) 
Fig. 4. (a) Estimated MTPA reference frame. (b) Relation between m and r. 

dα

qα

qi


di


dr

qr

dqi

r
di

r
qi

0

 
Fig. 3. Relation between idq

r and idq
. 

 
Fig. 2. g’ of the target IPMSM.D 
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Compared with (11), the amount of required information is 
significantly reduced. Instead of the whole dynamic inductance 

matrix m
hL , only m

dhL  is required. Fig. 5 depicts m
dhL  of the target 

IPMSM. Due to the magnetic saturation, m
dhL  is highly 

nonlinear and varies according to the operating point change. 

To estimate m
dhL  in real-time, a pulsating voltage signal 

injection method is discussed in the next section. Besides the 

dynamic inductance, m
d , m

q , and m
qi  can be obtained 

straightforwardly. m
qi  is nothing but || ||s

dqi , and m
dqλ  can be 

obtained from s
dqλ . 

The calculation in the EMRF eliminates the dependency on 
the position sensor for the MTPA tracking control. Thus, f and 
g′ in (19) and (21) can be utilized for a sensorless IPMSM, as 
described in the next section. 

IV. PROPOSED SENSORLESS MTPA TRACKING CONTROL 

A. Dynamic Inductance Estimation 

If a high-frequency voltage m
dqhv  is injected, the high-

frequency current response can be expressed as 

 
d

dt
m m m

dqh h dqhv L i . (22) 

The pulsating square-wave voltage reference at the n-th 
sampling instant can be represented as 

 
* *

*
* *

[ ]
[ ] [ ]

[ ]

m m
dh dh
m m
qh qh

v n V
n clk n

v n V

   
     
      

m
dqhv  (23) 

where clk[n] is the clock signal alternating between -1 and 1 
with a specific period Tinj. Fig. 6 depicts clk[n] with period 4. 

*m
dhV  and 

*m
qhV  are the magnitude of the injected voltage signals. 

*[ ]nm
dqhv  will be synthesized by the inverter during the time 

period t=[(n+1)Ts, (n+2)Ts], where Ts is the sampling period. 
Thus, the average output voltage has the waveform of pulsating 
square-wave with the period of clk[n]. The current response at 
the n-th sampling instant can be represented as 

 [ 2] [ ]sn T n   m * m m
dqh h dqhv L i  (24) 

where [ ] [ ] [ 1]n n n   m m m
dqh dqh dqhi i i . In (24), the d-axis 

equation can be rewritten as  

 
*[ 2] [ ] [ ]m m m m m

dh s dh dh dqh qhv n T L i n L i n     . (25) 

Since [ ]m
dhi n , [ ]m

qhi n , and [ 2]m
dhv n   are the alternating 

signals, they can be reinterpreted with dc signals by multiplying 
clk[n-2]: 

 
*[ 2] [ ] [ ]m m m m m

dh s dh dh dqh qhV n T nIL L nI      (26) 

where 

 
[ ] [ ]

[ 2]
[ ] [ ]

m m
dh dh
m m
qh qh

n n
clk n

n n

I i

I i

 
   

  
      

. (27) 

Therefore, if [ 0]m
qhI n  , m

dhL  can be calculated by dividing 
*[ 2]m

dhV n  and [ ]m
dhI n  as follows: 

 
*[ 2]

[ ]

m
m dh
dh sm

dh

V n
L

I
T

n


  . (28) 

From (24), [ ]m
qhI n  can be expressed as 

  * *[ ]
det( )

m m m m ms
qh dh qh dqh dh

T
I n L V L V   

m
hL

 (29) 

where 
2det( ) m m m

dh qh dqhL L Lm
hL . If only *m

dhV  is injected without 
*m

qhV , [ ]m
qhI n  would not be zero due to 

m
dqhL . Thus, to make 

[ ]m
qhI n  null, not only *m

dhV  but also 
*m

qhV  should be adequately 

injected. In this paper, 
*m

qhV  is adjusted by integrating [ ]m
qhI n  

as follows: 

 
*[ ] [ ]

1
m ms L

qh qh
s

T z k
V n I n

z T

 
     

. (30) 

The z-domain function Ts·z/(z-1) is the integral operator, and 

kL is a positive gain. The dynamics of [ ]m
qhI n  can be analyzed 

by a feedback system in Fig. 7. A and B stand for 

A / det( )m
s dhT L  m

hL  and B / det( )m
s dqhT L m

hL , respectively. 

The discrete-time integrator has been replaced with 1/s for 
simplicity. 

Time

 
Fig. 6. The waveform of clk[n] with period 4. 

 
Fig. 7. m

qhI  dynamics. 

L

s

k

T

*m
qhV

*m
dhV

1

s
m
qhI

 

Fig. 5. m
dhL  of the target IPMSM. 
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By calculating the feedback loop gain in Fig. 7, m
qhI  can be 

expressed as 

 
*

det( )

m
dqhm m

qh dh s
cL

Ls
I V T

s 
 

    
 


 m

hL
 (31) 

where / det( )m
cL L dhk L   m

hL . Since (31) has the form of a 

high-pass filter, m
qhI  converges to null by the proposed *m

qhV  

controller. Fig. 8 depicts the relation between the injected 

voltage signal and the current response. By adjusting *m
qhV , 

there is no m
qhi , and the pulsating current only exists on the d-

axis of the EMRF. The sign and magnitude of *m
qhV  are 

determined by m
dqhL . Thus, m

dqhL  can be calculated as follows, 

since 0m
qhI   in (29). 

 
*

*
ˆ

m
qhm m

dqh dh m
dh

V
L L

V
 . (32) 

ˆm
dqhL  denotes the estimated m

dqhL , and it is used in the gain 

scheduling of the proposed MTPA tracking control. Fig. 9 

shows the block diagram of the proposed m
dhL  estimator. The 

superscript ‘^’ in ˆm
dhL  stands for the estimated value. Since ˆm

dhL  

is calculated from *m
dhv  and m

dhi , *m
dhV  determines the accuracy 

of the inductance calculation. Thus, a certain amount of 
injection voltage should be kept for the d-axis of the EMRF.  

Regarding the gain setting, kL should be set as 

,det( ) / m
L dh cL desiredk L  m

hL  for the desired bandwidth 

cL,desired. However, it is not easy to calculate det( )m
hL  online, 

and a slight mismatch in cL deos not deteriorate the inductance 
estimation performance. Thus, kL is approximated as 

,
m̂

L dh cL desiredk L    to avoid the use of the preset LUT. 

For the accurate inductance estimation, the injection 
frequency and voltage magnitude should be carefully selected. 
As the injection frequency is getting higher, the dynamic 
performance would be enhanced. Also, unwanted interferences 
with unmodelled harmonic components, e.g., spatial harmonics, 
could be avoided. Assuming the double sampling at each 
switching period, the switching frequency injection would be 

the maximum injection frequency. However, it has been 
analyzed that the switching frequency injection is vulnerable to 
the inverter nonlinearity effects compared to the half switching 
frequency injection [29]. Therefore, the half of the switching 
frequency is selected for the injection in this paper. 

The injection voltage magnitude should be determined 
considering the trade-off between the estimation accuracy and 

the voltage margin for the fundamental current control. As *m
dhV  

increases, the voltage distortion due to the inverter nonlinearity 
effects is relatively reduced, and the estimation accuracy can be 

enhanced. However, an excessive *m
dhV  requires more voltage 

margin in the dc-link voltage, so that the base speed for the 
MTPA operation could be limited. Thus, it is sensible to select 

the smallest *m
dhV , unless the estimation performance is 

degraded. 

B. Stator Flux Estimation 

In addition to the dynamic inductance, stator flux information 
should be obtained for f and g' calculation. Except for the very 
low-speed region, the stator flux can be expressed by 
integrating the back electromotive force (EMF), as follows: 

 
1ˆ
s

s s
dq dqeλ  (33) 

where sR s s s
dq dq dqe v i . The superscript ‘s’ denotes the SRF. 

However, (33) asks for the pure integrator, which would be 

vulnerable to the dc offset error. Moreover, s
dqe  would contain 

unwanted ripple terms, such as spatial harmonics of IPMSM. 
The issues of the pure integration can be solved by cascading 

the frequency-adaptive band-pass filter on s
dqe  as follows: 

 2 2

2

2
ˆ r

r rs s


 


 

s s
dq dqλ e  (34) 

where  is the damping factor which determines the pass-band 

of the filter [27]. ˆ s
dqλ  is the estimated stator flux at the SRF. 

Thanks to the band-pass filter, the harmonic components and 
the dc offset can be effectively rejected without a phase delay 
in the fundamental flux estimation. In [28], the discretization 
error of (34) was analyzed, and the discrete-time frequency-
adaptive flux observer (DFAO) was proposed. 

This paper adopts the DFAO in [28]. Although the original 
DFAO calculates the stator flux at the RRF, the stator flux at 
the EMRF can be obtained by replacing the angle input with m, 
which is the reference angle of EMRF. Fig. 10 depicts the block 

ds

qs

dm
qm

 dqhi

m

*
dqhv

*m
dhV

*m
qhV

 

Fig. 8. Pulsating voltage injection to estimate m
dhL . 
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Fig. 9. Block diagram of the dynamic inductance estimator. 
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diagram of the DFAO. m denotes the time derivative of m, 
which is the speed of the EMRF. sgn(x) is the sign of x. The 
unique motor parameter used in DFAO is Rs, and it does not 
require motor inductance information nor flux linkage of the 
permanent magnet f. Rs can be identified during offline 
commissioning, and the small discrepancy in Rs identification 

barely affects ˆ m
dqfλ  in mid- and high-speed region. Therefore, 

the DFAO in Fig. 10 can accurately estimate the stator flux, 
regardless of the motor parameter errors in most operating 
regions. 

Since the DFAO calculates the fundamental stator flux based 
on the stator voltage reference, the inverter nonlinearity effects 
may deteriorate the flux estimation accuracy in the low-speed 
region. As described in the original literature [28], the voltage 
distortion due to the inverter nonlinearity effects can be 
compensated by a feedforward term in the voltage reference in 
order to enhance the flux estimation accuracy [30]. 

However, a slight Rs error or discrepancies in inverter 
nonlinearity compensation would have non-negligible effect at 
very low speed region where the back EMF magnitude is 
extremely small. Therefore, the operating frequency of the 
proposed DMTC should be determined considering the Rs 
tolerance of the system. 

C. MTPA Point Tracking Controller 

The MTPA condition at the desired torque output can be 
accomplished by nullifying f and g′. For stable MTPA tracking 
control, this paper presents an MTPA point tracking controller, 
as shown in Fig. 11(a) and (b). It consists of two blocks: the 
current magnitude controller in Fig. 11(a) and the MTPA angle 
controller in Fig. 11(b). The current magnitude controller 
consists of an integral controller with anti-windup, similar to 
[22]. However, the MTPA angle controller has a PI-type phase-
locked-loop (PLL) to make m converge to the ramp-increasing 
MTPA angle MTPA. In the proposed angle controller, m, which 
is used in the DFAO and the current controller, is calculated. In 
addition, since m is the same as the rotor speed r when 
ignoring the MTPA angle variation at transients, m can be used 
as the estimated rotor speed for the speed control input. 

In Fig. 11(a) and (b), nf and ng are the normalization factors 
of f and g′, respectively, and kp, ki, and ki are the gains of each 

controller. The anti-windup gains, ka can be set for the case of 

saturation [22]. The current magnitude is limited from -Imax to 
Imax, where Imax is the maximum current level of the system. In 
the negative torque region, the proposed algorithm operates in 

the * 0m
qi   region, and there is no step-change in the controller 

output. Hence, a seamless transition even at the reversed torque 
reference can be expected. 

Assuming proper normalization, nf·f and ng·g′ represent the 
magnitude and angle errors against the desired MTPA operating 
point, respectively, as 

 *
,

m
f s s MTPA qn f i i i     (35) 

 g MPT MTPA mAn g        (36) 

where MTPA is the MTPA angle and is,MTPA is the current 
magnitude for the desired torque output. Subsequently, the 

dynamics of *m
qi  and m can be expressed as 

 *
,

m i
q s MTPA

i

k
i

s k
i






 (37) 

 2

p i
m MTPA

p i

k s k

s k s k
 

 

 



 

. (38) 

In (37) and (38), ki, kp, and ki can be set as 

 ik    (39) 

 2pk      (40) 

 2
pk    (41) 

where  and  are the desired bandwidth of the torque and 
MTPA angle control, respectively, and  is the damping factor 
of the MTPA angle controller. 

To calculate nf and ng, small-signal modeling of f and g′ with 

respect to si  and MTPA  is conducted. First, the partial 

derivative of f with respect to si  is calculated as follows: 

 m m m
d dqh qm

s qi i

f f
L i 

   
 

. (42) 

Similarly, the partial derivative of g′ with respect to MTPA  

can be expressed as  

 
m

m m m mdh
d dqh q q

m mMTPA

Lg g
L i i

 
 

    






 

. (43) 

For the ideal operation of the proposed algorithm, nf and ng 

should be set as the inverse of / sf i   and / MTPAg    , 

*m
qi
0 *

dq
mi

f ik

s


 
(a) 

mg 1

s

mik

s


 
(b) 

Fig. 11. Block diagram of the MTPA tracking controllers.  
(a) Torque controller. (b) MTPA angle tracking controller. 
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Fig. 10. Block diagram of the frequency-adaptive flux observer. 
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respectively. However, in (43), / MTPAg     contains the 

derivative of m
dhL  to m, which is challenging to estimate in real-

time. Although the ideal nf and ng can be set through the preset 
LUT, it may undermine the effectiveness of the proposed online 
tracking algorithm. Thus, in this paper, nf and ng are set identical 
as follows for the sake of simplicity. 

 
*

1
ˆ ˆf m m m
df dqh q

gn n
L i

 


 (44) 

where ˆm
df  is obtained from the DFAO and ˆm

dqhL  from (32). 

Fig. 12 shows the overall control block diagram of the 
proposed MTPA tracking algorithm. The current regulator is 
based on the EMRF, where m is utilized for the coordinate 
transformation from the SRF. To separate the fundamental 
frequency component from the phase current information, a 
notch filter is implemented in the current control unit. The high-
frequency current is extracted by subtracting the fundamental 
current from the measured current to avoid the implementation 
duplication. The fundamental components are denoted by the 

subscript ‘f’, e.g., m*
dqfv . It should be noted that the proposed 

MTPA control does not call for the rotor position estimation. 
Therefore, the addition of a sensorless observer, which is 
vulnerable to parameter errors, is not required. 

D. m-Based Speed Control 

As shown in Fig. 12, the torque control mode of the proposed 
sensorless DMTC can be implemented without the rotor 
position estimation. However, the absence of the rotor position 
estimator might make the proposed method difficult to be 
utilized in the speed control application, which requires the 
rotor speed as a feedback term. 

Fortunately, the proposed MTPA tracking controller 
provides m information, which can substitute for r. The speed 
of EMRF in mechanical angle can be calculated as 

 ,

1
m mech mP

  . (45) 

The error between m,mech and the mechanical rotor speed 
r,mech can be expressed as follows: 

 , ,

1
atan

r
d

m mech r mech r
q

id

P dt i
 

 
     

 
. (46) 

Therefore, the speed error would be proportional to the slew 
rate of the current angle deviation, and m,mech will converge to 

r,mech at the steady-state. Moreover, since atan( / )r r
d qi i  does 

not exceed /2 in IPMSMs, the speed error induced by the 
current angle deviation also would be limited. Assuming the 
current angle varies from 0 to /2 in 100 ms as an extreme case, 
it would result in 38 r/min transient error for an 8-pole machine. 
Therefore, m,mech in (45) can be utilized for the speed control 
application where the steady state speed matters. 

V. SIMULATION AND EXPERIMENTAL RESULTS 

The effectiveness of the proposed algorithm is verified with 
simulation and experimental tests. The IPMSM in Fig. 13(a), 
whose nominal parameters are listed in TABLE I, is selected for 
the machine under tests. The inverters used in the experimental 
verification are shown in Fig. 13(b). The control algorithm has 
been implemented on TMS320F28377D, of which only the 
single core has been dedicated for driving both the load machine 
and the target motor. The control parameters used in the 
simulation and experiments are listed in TABLE II. The 
switching frequency is set as 10 kHz, and the double sampling 
is conducted at each switching period. For the simulation, a 

Current control unit

*m
dqv *

abcv*s
dqv

s
dqi

dq
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dq
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dqi
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m *
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3ph cable

r,mech

Te

IPMSM mR

m

m
dqhi

Inductance
estimator (Fig. 9)
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s
dqfi

s *
dqfv

ˆ m
dqfλ
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dqhv
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 - mR

 mR

 mR m *
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MTPA point
tracking controller 

(Fig. 11)

Proposed DMTC

f, g' calculator
(Eq. 19, 21)

*
eT

f g

ˆm
dhLˆ m

dqfλ m
dqfi

 
Fig. 12. Control block diagram. 

TABLE II.  
CONTROL PARAMETERS 

Parameter Value Unit 

Switching frequency fsw 10 kHz 
Sampling frequency fs 20 kHz 
Injection frequency finj 5 kHz 

Damping factor in DFAO () 3  
Current control bandwidth cc 2·200 rad/s 

 2·50 rad/s 
 2·20 rad/s 
 1.0  
cL 2·100 rad/s 

*m
dhV  20 V 
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high-fidelity IPMSM model constructed by the FEA is 
implemented through MATLAB/ Simulink [31]. For the current 

regulation, the complex-vector current regulator is 
implemented with the nominal parameters listed in TABLE I 

[32]. To evaluate the torque control performance, the target 

IPMSM is controlled in the torque control mode, and the rotor 
speed is regulated by the load machine. The operating speed is 
set as 2000 r/min, unless otherwise stated. 

A. Simulation Results 

Fig. 14(a) and (b) show the results of the inductance 
estimation. To evaluate only the inductance estimation 
performance, the target motor is operated with the position 
sensor and the current reference is calculated from the preset 
LUT. While the current increases from zero to 2 pu on the 

MTPA trajectory, ˆm
dhL  and ˆm

dqhL  are estimated by the proposed 

inductance estimator. In Fig. 14(a), cL is set as 2·100 rad/s, 
which is higher than  and . The results indicate that the 
proposed inductance estimator accurately calculates the 
dynamic inductance without delay. Fig. 14(b) demonstrates the 

result at cL = 2·1 rad/s. Due to the limited bandwidth of m
qhI  

regulator, ˆm
dqhL  has a sluggish response, and the non-negligible 

transient error is observed. Moreover, it can be noticed that the 
ˆm

dqhL  error affects the ˆm
dhL  estimation performance. 

The accuracy of the proposed sensorless MTPA control is 
verified in Fig. 15. From t = 0 s to t = 1 s, the torque reference 
is increased from zero to 2 pu. The actual current closely tracks 
the MTPA trajectory, indicated by the yellow line. It can be 
observed that the actual current is plotted as a thicker line 
compared with the MTPA trajectory. This is due to the current 
ripple originating from the square-wave signal injection. 

 Fig. 16(a) and (b) show the waveforms at the rapid torque 
reference variation. Twice the rated torque was applied with a 
slew rate of 20 pu/s. Fig. 16(a) depicts the waveforms under the 
positive load torque. The actual current in the EMRF is plotted 

 
(a) 

 
(b) 

Fig. 13. (a) Motor-generator set. (b) Inverters used in experiments. 

m
dhL m

dqhL ˆm
dhL ˆm

dqhL

r
di

r
qi

 
(a) 

m
dhL m

dqhL ˆm
dhL ˆm

dqhL

r
di

r
qi

 
(b) 

Fig. 14. Inductance estimation performance (simulation). (a) cL=2·100 rad/s. 
(b) cL=2·1 rad/s. 
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Fig. 15. MTPA tracking performance (simulation). 
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at the top of the figure. The d-axis current m
di  is regulated at 

null, except for the ripple term. However, in the RRF, the output 
current closely follows the MTPA trajectory. The functions f 
and g′ are nullified at the steady-state by the proposed MTPA 
controller. Fig. 16(b) shows the waveform under the negative 
load torque. Similarly, the actual current is well regulated at the 

MTPA operating point. It can be noticed that m
qi  is regulated to 

the negative value to follow the negative torque reference. 

B. Experimental Results 

To confirm the effect of the injection voltage magnitude on 
the inductance estimation, the estimation performances under 

various *
dh
mV  are compared in Fig. 17(a) and (b). The rotor speed 

is set as 500 r/min. Since the inverter nonlinearity effects have 

non-negligible impacts in low-current region, ˆm
dhL  estimation 

performance is degraded as *
dh
mV  decreases in Fig. 17(a). In the 

rated load condition, the output current polarity is determined 
accurately regardless of the high frequency voltage injection, 

and the effect of inverter nonlinearity on ˆm
dhL  estimation 

f g
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m
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(b) 

Fig. 16. Current response at torque reference change (simulation).  
(a) Positive torque reference. (b) Negative torque reference. 
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Fig. 17. High frequency current response at various *m
dhV  (experiments). 

(a) No load condition. (b) Rated load condition. 
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performance can be neglected. In the rest parts of the paper, *
dh
mV  

is set as 20 V for the consistent performance even at the no load 
condition. 

Fig. 18(a) and (b) depict the experimental waveforms under 
the torque reference change. As in the simulation, twice the 
rated torque was applied with the slew rate of 20 pu/s. is,MTPA 
and MTPA are the current magnitude and its angle on the actual 
MTPA trajectory, respectively, that were extracted 
experimentally for comparison. Since the DMTC directly 
controls m, which is continuously changing according to the 
shaft rotation, m-r is plotted for better visibility. It should be 
noted that r is plotted simply for monitoring purposes, and it is 

not used in the proposed algorithm. m
qi  and m-r are well 

regulated around is,MTPA and MTPA. Additionally, the actual 
torque follows the torque reference Te

*well. In Fig. 18(b), the 
actual torque is regulated to the negative torque reference 

through the negative m
qi , and it can be noticed that m-r also 

has a negative angle. 
To confirm the MTPA tracking performance in all operating 

current regions, a gradually increasing torque reference from 
zero to twice the rated torque is applied as shown in Fig. 19(a) 
and (b). In Fig. 19(a), the torque response is well regulated to 
the torque reference. Moreover, the actual current is well 
regulated to the MTPA trajectory by the proposed algorithm. 

eT *
eT

r
di

r
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r
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r
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m
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qi

 
(a) 

 
(b) 

Fig. 19. (a) Current response at gradual torque reference increase (experiments). 
(b) Lissajous waveform. 
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Fig. 18. Current response at torque reference change (experiments).  
(a) Positive torque reference. (b) Negative torque reference. 
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The Lissajous waveforms of the dq-axis current are shown in 
Fig. 19(b). The actual current at the rotor reference frame is 

calculated from m
dqi . Although the actual current has a ripple 

term, the average values of the actual current match well with 
the MTPA trajectory in all operating ranges. 

As mentioned, the experimental verification above was 
conducted at 2000 r/min. To verify the consistency of the 
operating point even under speed variation, in Fig. 20, the rotor 
speed was accelerated from 200 r/min to 3000 r/min by the load 
machine, and the target IPMSM had consistently produced the 
rated torque under the proposed sensorless DMTC operation. 

To show the MTPA tracking performance, 
r
dqi  calculated based 

on the monitored r, which does not engage in the proposed 
DMTC algorithm, is plotted in Fig. 20. The speed acceleration 
slew rate was set as 1562 (r/min)/s. The proposed algorithm 
maintained the MTPA tracking performance even during speed 
acceleration, and f and g′ were well regulated around null. 

As analyzed in Section IV. D, the proposed DMTC can 
operate under the speed control mode. In Fig. 21, the target 
motor regulates the shaft speed with a PI controller. The 
effective speed control bandwidth is set as 4 Hz. The speed is 
accelerated from 200 r/min to 3000 r/min in 1.8 s and 
decelerated to 200 r/min within 5 s. The load machine applies 
the rated torque at 3000 r/min, and it is released at 200 r/min. 
the torque slew rate is set as 10 pu/s. It should be noted that the 
proposed DMTC regulates the speed without losing the MTPA 
tracking capability. Due to the limited bandwidth of the MTPA 
tracking controller, the transient speed error is larger than 
expected in Section IV. D. Nevertheless, the error between 
r,mech and m,mech does not exceed 100 r/min at transients, and 
there is no steady-state error. 

VI. CONCLUSION 

This paper proposes an online maximum torque-per-Ampere 
(MTPA) tracking control for sensorless interior permanent-
magnet synchronous motors (IPMSMs). The proposed method 
exploits a pulsating square-wave voltage signal injection. The 
MTPA condition is formulated by the Lagrange multiplier 
method in an arbitrary reference frame, and it is found that a 
specific MTPA criterion can be obtained in the arbitrary 
reference frame. The proposed MTPA control requires the 
stator flux and the d-axis dynamic inductance in the estimated 

MTPA reference frame (EMRF), which aligns the current 
reference to its q-axis. The pulsating voltage signal is injected 
with a tilted injection angle to estimate the dynamic inductance 
in real-time. The voltage tilting angle is adjusted in real-time by 
feeding back the pulsating current response. Additionally, the 
stator flux information is obtained through the discrete-time 
frequency-adaptive flux observer (DFAO). With the DFAO and 
the dynamic inductance estimator, the MTPA criterion can be 
calculated without the rotor position information. 

Based on a calculated MTPA criterion, the sensorless MTPA 
tracking controller, which directly estimates the MTPA angle 
without having to estimate the rotor position, is designed. The 
desired bandwidth of the MTPA tracking controller is realized 
by the online gain scheduling, which does not require any 
offline commissioning. Moreover, the proposed algorithm does 
not require any preset look-up table. The feasibility of the 
proposed MTPA tracking algorithm was verified with a 1.5-
kW-rated-IPMSM through simulation and experimental tests. 
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